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1. INTRODUCTION

The subject of this paper is coadjoint orbits for the unipotent group of n x n
upper triangular matrices, the classification of which remains an unsolved problem
with only limited partial progress [3], 4. [l [6l 8].

The idea of an orbit in mathematics can be demonstrated through the example
of rotations about the origin. Within the Cartesian plane we can select any point
and rotate it about the origin a certain number of degrees. For instance, if we
select the point (1,0) and rotate about the origin 90° counterclockwise we obtain

the point (0, 1), as illustrated in Figure

0:5

n—

F1GURE 1. 90 degree rotation

While a specific rotation takes our initial point (0,1) to one new point, we
can consider all possible rotations about the origin. Doing this produces a circle
centered at the origin with radius 1. This circle is called the orbit of (0,1). We
define the orbit of a point under the action of rotation about the origin to be the
set of all points that can result from such rotations. In almost all cases this results
in a circle. However, there is one point that is never moved no matter what degree

rotation is applied to it: the origin. In the case of the origin, any degree rotation



FIGURE 2. Orbits for various points

results in the origin. Thus the orbit of the origin is simply the set containing only
the origin. Figure [2| shows the orbits of several different points.

In order to study these orbits we look for ways to classify them. Since each
orbit can be generated from a single point we choose one point in each orbit to be
representative of the whole. We choose the simplest point in the orbit to be this rep-
resentative, where in this case simplest is defined to be points on the non-negative
x-axis, as this makes this problem easier to manage. We call these representatives
basepoints. In this case, we choose basepoints to be points on the non-negative
x-axis because they have y-coordinates of 0 and no negative values. There is not
necessarily a canonical way for defining basepoints for all problems, but this is
clearly a logical choice as these points have a maximal number of zeros. Under this
system we can select the non-negative x-axis as our set of basepoints for all orbits.
In doing so, we have taken each orbit, a set of infinitely many points, and classified

it in terms of a single basepoint.



FIGURE 3. Orbits with their basepoints

In the rotations example we select points in the Cartesian plane and act on them
through rotations about the origin. Note that the set of rotations about the origin
is group. The subject of this thesis is coadjoint orbits for the unipotent group of
n X n matrices. This topic is similar to orbits resulting from rotations about the
origin, however with a different group acting on a different space. In the rotations
example the space being acted on is the set of points in the Cartesian plane. For
coadjoint orbits the space being acted on is [,,, the set of lower triangular n x n
matrices with 0’s along the diagonal. In the rotations example the group that is
acting on the space is the set of rotations about the origin. For coadjoints orbits
the group acting on the space is G,,, the set of n x n upper triangular matrices with
1’s along the diagonal.

The group G,, acts on the space [, via the coadjoint action. For g € G,, and
Y € I, the coadjoint action of g on Y, denoted Ad*(g)Y, is defined as the lower
triangularization of g~1Y'g. As in the rotations example, where an orbit is the set

of all possible new points that could result from the group action, the coadjoint



orbit of a matrix Y is the set of all possible new matrices the coadjoint action

could produce. In other words, for Y in [,, the coadjoint orbit of Y is equal to

[Ad ()Y : g € Gy},

In this thesis we give results that aid in classifying coadjoint orbits for any n x n
matrix Y by finding basepoints. As in the rotations example where basepoints are
points with the maximum number of zeros, our goal is to develop a theory that will
allow for a similar classification for coadjoint orbits.

In Section [2| we review linear algebra background for this problem. Most of
this is well-known, and served as the starting point for our work. In Section [3] we
give an explicit formula for the coadjoint action that, to our knowledge, has not
yet appeared in the literature. In Section 4] we develop a general theory for the
classification of coadjoint orbits, culminating in the Decomposition Theorem
which establishes a correspondence between orbits and basepoints. In Section
we present an example for how this classification theory is applied. The reader is
encouraged to refer to section [5] while reading section [@] to gain greater intuition

regarding the various definitions given.

2. LINEAR ALGEBRA BACKGROUND

Let F be a field. We consider n x n matrices with entries in F. For X, ann X n
matrix, let X, ; denote the (i,7) entry of X. Let g, be the set of n x n upper
triangular matrices with 0’s on the diagonal. Note that g,, is a vector space over
F since it is closed under matrix addition and scalar multiplication. Let 0,, denote
the n x n zero matrix. Let e; ; be the n x n matrix where all entries are 0 except

for the (4, j) entry which is equal to 1. Note that these e; ; for 1 <i < j < n form
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a basis for g,, since for each X € g,,, there exists unique X; ; € F' such that
X = Z X7;7j61'7j.
1<i<j<n
Recall that for V and W vector spaces over F, the map T : V — W is a linear

transformation if
T(v1 4+ v2) =T(v1) + T(v2) and T'(cv1) = cT'(v1)

for any vi,v9 € V and c € F. If W = F, then T is called a linear functional on
V. Let g} be the set of linear functionals on g,,. Note that for fi, fo € g, we have
fi+ fo €9}, and for c € F, we have cf; € g;,. Thus, g, is also a vector space over
F.

Let [,, be the set of n x n lower triangular matrices with 0’s on the diagonal.
We will show that [,, is isomorphic to g}. To do so, let (-,-) : [, X g, — F where
(Y, X) = tr(YX). The pairing (-,-) is called the trace form. Recall that for any
n X n matrices A and B, and any ¢ € F', we have

(i) tr(AB) = tr(BA),
(ii) tr(A+ B) = tr(A4) + tr(B),

(iii) tr(cA) = ctr(A).

For Y €[, let fy : g, — F such that fy(X) = (Y, X).
Lemma 2.1. ForY €1, fy € g}.

Proof. Let Y € [,,. Let X7, X5 € g, and ¢ € F. Thus,

fy(Xl —|— XQ) = <K Xl + X2> = tI‘(Y(Xl + XQ)) = tI'(YXl —|— YXQ)

=tr(YXq) +tr(Y X2) = (Y, X1) + (Y, X2) = fy (X1) + fr(X2).



Note also that

fr(eXy) =Y, cX1) = tr(YeXy)

=tr(cY X1) = ctr(YX1) = (Y, X1) = cfy (X1).

Therefore, fy is a linear functional. Thus fy € g,. |
Lemma 2.2. Let f € g. Then there exists a unique Y € I, such that f = fy.
Proof. Let f € g, and X € g,,. Then
fX)=f Z Xijeij | = Z Xi,jf(eiz)
1<i<j<n 1<i<j<n
since f is a linear functional. Let Y € [, such that Y;; = f(e; ;) for all ¢, j where
1 <4< j <n. Thus,

<Y,X>=<Y, Z Xz,jei,j>=tr Y Z X e

1<i<j<n 1<i<j<n

=tr| Y XiVe;|= Y Xijtr(Yeiy)

1<i<j<n 1<i<j<n

= Z Xi7j<Y, 61"]'>.

1<i<j<n

Note that Y = E Y eere. Thus, Ye; ; = E Y. eer ee; j. Since
1<t<k<n 1<b<k<n

€k.j =1
€k,0Ci5 =

0, otherwise,

we have

Yk,ie;w- =1
Yicer i =

0,, otherwise.



Thus
Yei; = Z Yi i€k,
i<k<n
Since
0 k#j
tr(er,;) =
1 k= Js
we have
r(Yeis) =tr | Y Viier; | = te(Yiie; ;) = Vi
i<k<n
Therefore,
X)) =X)= > Xi;Vie,)= > XY,
1<i<j<n 1<i<j<n
= Z Xi,jf(ei ) = f(X).
1<i<j<n
Note that Y is unique since its entries are determined by f. [

Proposition 2.3. The function v : I, — g where Y(Y) = fy is a vector space

isomorphism over F'.

Proof. Let 9 : I, — g} where ¥)(Y) = fy. Lemma 1.1 and Lemma 1.2 establish
that v is a one-to-one correspondence between [, and g;. Let Y71,Y5 € [,. Then

’(/J(Y]_ + Yg) = fy1+y2. Let X € g,,. Then,

fritr(X) = (V1 + Y2, X) = tr((Y1 + Y2) X)

— (Vi X) + (Y2 X) = (Y1, X) + (¥, X)

= fyl(X)+fY2(X)

Hence,

YY1+ Y2) = fyivve = fri + fro = 0(Y1) +9(Y2).



Let ¢ € F. Note that ¥(cY1) = fey,. Let X € g,,. Then,

fev, (X) ={(ch, X) = tr(cV1 X) = ctr(V1 X)

= (Y1, X) = cfy, (X).

Hence,
Y(eY1) = fovy = cfyy = cp(Y1).
Therefore 1 : [,, — g, is a vector space isomorphism over F. (I

Let G, be the set of all n x n upper triangular matrices with 1’s on the diagonal.

Note that G, is a group since

(i) gh € G, for all g,h € G,
(ii) the n x n identity matrix, I,, € Gy,
(iii) for any g € G, g7t € G,
(iv) multiplication in G, is associative (since matrix multiplication is associa-
tive).
We will prove part (iii) in Section |3} A group action of a group G on a set A is
a map from G x A to A (written as g - a, for all g € G and a € A) satisfying the

following properties:

(1) g1-(g92-a) = (g192) - a, for all g1,92 € G, a € A, and

(2) e-a=aforall a € A (where e is the identity for G).

For a,b € A we say that a ~ b if and only if a = gb for some g € G. We can show
that ~ is an equivalence relation. For each x € A, the equivalence class of = under
~ is called the orbit of x under the action of G, which we denote by [x]. The orbits

under the action of G partition the set A [2] §1.7].
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For g € G, and X € g, let Ad(g)X = gXg~!. We know that Ad(g)X € g, and
Ad is a group action when viewed as a map from G, X g, to g, [7]. We call Ad
the adjoint action of G, on g,.

For f € g, and g € Gy, let fy : g, — F such that f,(X) = f(gXg~') for

X € gn.
Proposition 2.4. If f € g7 and g € G, then f,; € g;;.
Proof. Let f € g and g € G,,. Let X1, X2 € g, and ¢ € F. Note that

fo(X1+ Xo) = f(g(X1+ X2)g™") = f((9X1 + 9X2)g™ ")
= f(gX19™ "+ 9Xag™")

= f(gXlg_l) + f(9X29_1) = fg(Xl) + fg(X2)~

Also observe that

fo(eX1) = flgleX1)g™") = flelgX1)g™") = cf(gX19™") = cfy(X1).
Thus f, € g;,. U

Let f € g and g € G,,. Let
Ad*(9)f = fo-

We can show that Ad* is a group action (called the coadjoint action) of G,, on

gy. The coadjoint orbit of f is defined to be

[f1={Ad"(9)f : g € Gu}.

Since gy, is isomorphic to [,,, the coadjoint action also acts, via the isomorphism in

Proposition 2.3} on [,.
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Recall that as we discussed earlier, all linear functionals on g,, are given by an

element of [,,. Let f = fy € g} and g € G,,. Note that

fo(X) = f(gXg™") = (Y,gXg™") =tx(Y(9Xg™"))

=tr((YgX)g™") =tr(¢~ ' (YgX)) = tx((g~ 'Y g)X).

In general, g~'Yg ¢ I,,. We define the lower projection of A, denoted proj(A),

and upper projection of a matrix A, denoted proj;;(A4), such that

Aij 1>
proj(A);; =
0 1<
and
Aij 1<
prOjU(A)i,j
0 1> ].

Hence, proj(g~'Yg) is a lower triangular matrix with 0’s on the diagonal, while
proj;;(¢g~1Yg) is an upper triangular matrix. Note that for any matrix A, A =

proj(A) + projy (A).

Lemma 2.5. Let X € g, and Z be an n X n upper triangular matriz. Then

tr(ZX) =0.
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Proof. Let X € g, and Z be an n x n upper triangular matrix. Hence,
tr(ZX) =Y (ZX)kx

Zia X1k

1

:

1
M I M-
M:

1 n
0-Xik+ > Ziu o)
1 =k

o~
Il
-

Lemma 2.6. Let g € G,,Y €1, and f = fy € g;,. Then fg = forojig-1vg)-

Proof. Let g€ G,,,Y €1, and f = fy €g),. Let X € g,,. Thus,

fo(X) = fy(gXg™") = (YV,gXg™!) = tr(YgXg™) = tr(¢™ 'Y gX)
= tr((proj(g~'Yg) + projy (¢~ 'Yg)) X)

= tr(proj(g~'Yg)X) + tr(projy (¢~ 'Y g) X).

Note that proj;(¢~'Yg) is an n x n upper triangular matrix. Thus, by Lemma 1.5,

tr(proj;; (97 1Y g)X) = 0. Therefore,
fo(X) = (Y,9Xg™") = tr(proj(g~'Y g) X)
= (proj(g~'Yg),X) = Joroj(g—1vg)(X). U
Forge G, and Y € [, let
(1) Ad"(9)Y = proj(g~'Yg).
Note that for X € g,,

Ad"(9) fy (X) = Ad"(9)(Y, X) = (Y, gXg™") = tr(YgXg ™).
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In light of this we call Ad"(g)fy = faa~()y the coadjoint action of g on Y.

The coadjoint orbit of Y is
[Y] = {Ad"(9)Y : g € Gy} = {proj(g™'Yg) : g € Gn}.

3. EQUATION FOR Ad"(g)Y

In Sectionwe prove several equations, including a general expression for g~* for
g € G, for n € N. These preliminary findings are used to establish the culmination
of this section, Lemma Recall that for g € G,, we have g; ; = 0 when ¢ > j and
gi,j = 1 when 7 = j. Likewise for Y € [,, we have Y; ; = 0 when ¢ < j. We use these
facts throughout this section to simplify expressions. In addition, in this section
we utilize changes in the order of summation to prove Lemma and Lemma
The first such order of summation change is found in the following paragraph.

For a double sequence ay ,

m—k m—i m—(i+1)

m 0
E gl = E Qg + E agit1 + ...+ E ag,m
— 1=0 £=0

k=i £=0 =
1+1

—Zaok+za1k+ +Zamzlk+zam i,k

= Qg k
=0 k=i
Thus
m m—k m—im—~
(2) E Ay 1 = ag k-
k=i £=0 1=0 k=i

This order of summation change will be used in the proof of the following lemma.
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Lemma 3.1. Let g€ G,,. Fori<jand0</0<j—1i—1, let

gi,j fo = 0,
(3) Sijl =

Gisky Gk ko -+ - Gk W £ > 0.
1<ki<ko<-<ke<j

Let h € G,, such that
(4) hij = (=) s e
Then h =g~ 1.

Proof. Since G,, is a group then it is closed under matrix multiplication, so certainly

(gh)i; =0 for all ¢ > j and (gh);; =1 for all ¢. If i < j then

n 1—1 7 n
(gh)i; = Zgi,khk,j = ZO “hi,j + Zgi,khk,j + Z gik - 0
k=1 k=1 k=i k

=j+1
j—1 j—k—1
+1
= <§ ik (1) Siw;é) +9ij
k=1 =0
j—1j—k—1
£+1
= sij0+ E E (=1)"""gi kSk.j.e-
k=i £=0
By (2),
j—1j—k-1 j—i—1j—€—1
+1 +1
(D) girseio= Y > (=1 girse e
k=i ¢=0 =0 k=1
Thus we have
G—1j—k—1 j—i—1 j—t—1
41 _ +1
(D) girseje= > (-1 i kSk.j 0
k=1 £=0 =0 k=1
Therefore
G—i—1 j—t—1



In the special case where 7 =i + 1, we then have that

0 i—t
041
(gh)ii+1 = Siit1,0 + E (-1 E 9i kSkyi+1,6 = Sii+1,0 — Si,i+1,0 = 0.
=0 k—i
If instead j > i + 1 then
j—io1 j—t—1
_ 41
(gh)ij = sijo+ E (=1) 9i,kSk,j,¢
=0 =i
j—i—2 j—t—1
041 i
=sijot+ Y. (DTN girsege+ (-1 s
=0 k=i
j—i—2 j—t—1
041 i—d
=sijot+ Y (DT siget D gi,ksk,j,e> + (1) si 441
=0 k—it1
j—t—1
By , E gi’ksk’jl = Si,j,l+1~ Thus
k=i+1
j—i—2

(gh)ij = sijo+ Y (DT (sije+sijern) + (=1 "sij 51 =0.
=0

Therefore gh = I,,, hence h = g~ 1.

For a double sequence a, g,

k

=

()

k— 1 k—i—2 k—i—3 0

pe
g E Qp.b E Qiy1,e+ E Qjyo0+ ... + g k=10
£=0 =0 £=0

i+1 £=0
k—i—2k—0—1

Z i p,¢-

(=0 p=itl

p

This change of summation will be used in the proof of the following lemma.

Lemma 3.2. Let,j € N such that 1 < j <i<n. Then

k
Z gi,p(g_l)p,k = _(g_l)i,k'

p=i+1

15
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Proof. Note that by Lemma[3.1]

k k—1 k—p—1
—1 _ -1 -1
> (g Dok = giklg Vet Y gip D (1) sk
p=i+1 p=i+1 =0
k—1 k—p—1
. 1 -1
=Ggik+ (=1 GipSpk,e-
p=i+1 (=0
By (3),
k=1 k—p—1 k—i—2k—f—1
-1 041
(=1)"" " gi,pSp.,e = Z Z (=1 gip5p,.i-
p=i+1 (=0 =0 p=i+1
Therefore,
k k—1 k—p—1
. -1 — 4. 1)1,
9ip(9™ Jpk = Gisk + (=1)""" Gi,pSp,k,e
p=i+1 p=i+1 £=0
k—i—2k—t—1
_ 0+1
=Gik+ (=) i pSpk.e
(=0 p=i+1
k—i—2 k—t—1
41
=ik + (=1 Z 9i,pSp,k,¢
=0 p=i+1
k—i—2
041
= gik T (=1 s ke
=0
k—i—1
=gikt (—1)"si k0
(=1
k—i—1
_ 41
=- (1) sine
£=0



Note that for a double sequence ay, 5,

n n n n
Z Zak,p: Z ki1 + Z ag,it2 T o T ann

p=i+1k=p k=i+1 k=i+2
142
= QipLit1+ ) Gigap ot E On,p
p=i+1 p=i+1
n k
=2 >
k=i+1p=i+1

Thus

n n n k
(6) DD wp= D D i

p=i+1k=p k=i+1p=i+1

This change of summation will be used in the proof of the following lemma.

Lemma 3.3. Forge G,, Y €l,and1 <j<i<mn,

Jj—1 n
(Ad*(9)Y )i =Yi; + qu,jYi,q - Z 9ip(Ad*(9)Y)y,;
g=1

p=i+1

Proof. By ,

(T)  (Ad*(9)Y)i, = proj(g™"Yg)is = = (67 ip(Y9)ps
p=1
= Z(gil)i,pzypﬂgqvj = Z ) 7PZY :494.5
p=1 qg=1 p=1

—ZZ ipYp.a9a.j-

p=i g=1

17
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Thus
n
(8) (Ad*(g) :ZZ )ipYp,q9q,5
p=t g=1
J
22(97 i,i¥i,q9q,5 + Z Z Yp.094.5
q=1 p=i+1qg=1
j
:Z i,q9q,5 + Z Z i,pYp.a9q.j
qg=1 p=i+1qg=1
=Yi95,; +Zy,q9q71 + Z Z ) i,pYp.a9a.j
p=i+1qg=1
=Yi;+ Zy,nga + Z Z ipYp.a9a.j-
p=i+1qg=1
By (7)),
Z 9ip(Ad*(9)Y)p,; = Z QWZZ pJCYk,ngJ
p=i+1 p=1i+1 k=pq=1
Z Zng ;chYk,ngu
p=i+1qg=1 k=p
] n n
=2 2 209 DpkYeades
q=1p=i+1k=p
Note that by (6],
Z Zgz,p chYk q9q,5 = Z Z 9ip(g chyk q9q.5-
p=i+1lk=p k=i+1p=i+1
Hence
n n
Z gv,p Ad Z Z Gi,p p kYk ,q9q,
p=i+1 q=1 p=i+1k=p
n k
:Z Z Z giﬁp(gil)p,kYk,ngJ
q=1 k=i+1p=i+1

+

kq

P>

9i
p=i+1

»( )p.kGa,j-
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Thus by Lemma [3.2

n 7 n k
Z 9ip(Ad*(9)Y ) :Z Z Yiq Z gi,p(g_l)p,kgq,j

p=i+1 q=1k=i+1 p=i+1

Il I

| |
= >
) 2
— —
) Q
— —
s g
> Fx
@ Q
< <
&, <

Recall from ,
j—1 n J
(Ad*(9)Y)i; =Yi; + quJYi,q + Z ZYp,q(Qil)i,pgq,j'
q=1 p=i+1q=1
Therefore
7j—1 n
A ()Y )iy =Yij+ Y g0Yig— Y gip(Ad*(9)Y ). 0
q=1 p=i+1

4. CLASSIFICATION DEFINITIONS AND METHOD

The following definitions are used to formulate a technique for decomposing the
space of coadjoint orbits into disjoint subsets. These subsets will be quasi-affine
varieties (ly o defined below). We then describe how to iteratively decompose these
quasi-affine varieties. This happens either by identifying a polynomial for which
the variety can be further partitioned into two subsets (called decomposition) or by
constraining to a particular subset of the variety (called restriction). This repeats
until a variety is produced which is terminal, as defined below. Each terminal
variety corresponds to a set of basepoints, where a basepoint is an element of [
that is representative of its coadjoint orbit. Throughout this section the reader is
encourage to reference Section |5 as Section [5| demonstrates how the terms defined

in Section [l are used.



20
Fix n € N and let [ = [, and G = G,,. Since [ is a vector space with basis e; ;

for 1 < j <i <mn, the map

(€2,1,€3,1,€3,25 s Cnn—1) > C2,1€2,1 + C3,1€3,1 + C3.2€3.2 + ... + Cnn—1€n,n—1

defines an affine coordinate frame for I thereby giving [ the structure of an affine
space [I]. Let F[l] denote the corresponding ring of polynomials.

Let U, ® C FI. Let

lpo ={Y el:9(Y)#0and ¢(Y)=0for all y € ¥ and ¢ € O}.

Let
OCM={@G7j):1<j<i<n}
Let

Xvao,0={(9,Y) € Gxly,o : Ad"(9)Y € lg.¢ and (Ad"(¢)Y):s = 0 for all (¢,s) € O}.

For Y € [\1/,@, let
35315,@,@ ={9€G:(9,Y) € Xva0}
We say f € F]l] is invariant with respect to (¥, ®,0) if

fAd*(g91)Y) = f(Ad"(g2)Y)

for all g1,g2 € %¥’¢7@ for all Y € ly,¢. We say h € F[l] is normal with respect to

(T, ®,0) if there exists f € F[l] such that

f(Ad*(9)Y) = h(Y)
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for all (g,Y) € Xv,o0. Note that such f must be invariant with respect to
(¥, ®,0). We say that h € F[l] is orbital with respect to (¥, ®,0) if h is normal

with respect to (¥, ®,©) and if for all ¥3,Y5 € [y ¢ we have
h(Y1) A0 and h(Y3) =0 = W] N[Y3] =2,

and if there exist Y7,Ys € ly s such that h(Y7) # 0 and h(Y2) = 0. We say that
(¥, ®,0) is genuine if [y # @ and Xy 40 # @ for all Y € [y o. Note that

(2, @, &) is genuine.

Lemma 4.1 (Decomposition Lemma). Suppose U, ® C F[l] and © C M such that
(U, ®,0) is genuine. Let h € F[l] be orbital with respect to (¥, P, 0).
(a) If Y € lyo then either [Y] N lyugnye = @ or [Y] Ny ougpy = @ but not
both.

(b) The tuples (¥ U {h},®,0) and (¥, P U {h},O) are both genuine.

Proof. Let Y € ly . Since either h(Y) # 0 or h(Y) = 0, then Y € lgyqp},o or
Y € ly augny, but not both. Note that since the identity matrix is in G, then
Y e[Y]

Suppose Y € lyugry,e- Then [Y] N lyugnye # 9. Suppose also that [Y] N
ly,ouny 7 9. Hence there exists Y1 € [Y] N Iy gugny. Thus A(Y1) = 0. However,
since h(Y) # 0 and h is orbital with respect to (¥, ®,0), this implies that [Y] N
[Y1] = @, which contradicts Y1 € [Y]. Therefore if Y € lyygny,e then [Y] N
lougny,e 7 9 and [Y] Ny augny = 2.

Suppose Y € [y ougny- Then [Y] N Iy gugpy # @. Suppose also that [Y] N
lyugny,e 7 9. Hence there exists Y1 € [Y] N lgugpy,e # @. Thus h(Y) # 0.

However, since h(Y) = 0 and h is orbital with respect to (¥, ®,0), this implies
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that [Y] N [Y1] = @, which contradicts Y1 € [Y]. Therefore if Y € Iy gugny then
Y] Ny euny # @ and [Y] N lgu(ry,e = @. This proves part (a).

Since h is orbital with respect to (¥, ®,0), lyuqry,e # @. Let Y € lyumny,e-
Clearly Y € [y o. Since (¥, ®,0) is genuine, there exists g € %}\;7@79 such that
Ad*(g)Y € lgo and (Ad"(9)Y)rs = O for all (¢,5) € ©. Recall that coadjoint
orbits partition I, and thus Ad*(¢)Y € [Y] then [Ad*(g)Y] = [Y]. Therefore,
since h is orbital with respect to (¥, ®,0), either h(Y) # 0 and h(Ad*(g9)Y) # 0
or h(Y) = h(Ad"(g)Y) = 0. Since Y € lyyn},a, then h(Ad*(g9)Y) # 0, hence
Ad*(9)Y € lyugny,e- Thus g € X}y ¢ - Therefore (U {h}, ®,0) is genuine.

Since h is orbital with respect to (¥, ®,0), ly auny # 9. Let Y € Ly augn)-
Clearly Y € [y ¢. Since (¥, ®,0) is genuine, there exists g € %g’@@ such that
Ad*(g)Y € lyo and (Ad"(9)Y):s = 0 for all (t,s) € ©. Since coadjoint or-
bits partition [ and Ad*(¢g)Y € [Y], then [Ad"(9)Y] = [Y]. Therefore, since h
is orbital with respect to (¥,®,0), either A(Y) # 0 and h(Ad*(¢9)Y) # 0 or
h(Y) = h(Ad*(9)Y) = 0. Since Y € ly gu(n}, then h(Ad*(9)Y) = 0, hence
Ad*(9)Y € lyougny- Thus g € f{g’(bu{h}’@. Therefore (U, ® U {h},©) is gen-

uine. 0

If (U, ®,0) is genuine and h € F[[] is orbital with respect to (¥, ®,0), then we
call {(¥ U {h},®,0),(V,®U{h},©)} a decomposition of (¥, P,0) and we call
(PU{h},®,0) and (¥, PU{h},O) the decomposition components of (¥, P, ).
If (U, ®,0) is genuine and © C ©' C M then we say (¥, ®,0’) is a restriction of
(9,9,0) if (¥, P, 0) is genuine. We will sometimes write (¥, P,0) < (¥, ' ©')
to indicate that (U’, &’ ©’) is either a decomposition component of (¥, P, 0) or a

restriction of (¥, ®, ©).
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We say that (¥, ®,0) is restrictable if there exists a restriction of (¥, ®,©),
i.e. there exists ©' D © such that (¥, ®,0') is genuine. We say genuine (¥, P, 0)
is terminal if (¥, ®,0) is not restrictable and for each Y € [y ¢, there exists
Yg € lg ¢ such that Ad*(g)Y = Yp for all g € %}\;A)’@. We say that (¥, ®,0) is
decomposable if it is not terminal and there exists a decomposition of (¥, ®, ©),
i.e. there exists h € F[l] such that h is orbital with respect to (¥, ®, ©).

For each m € Zx¢ let F,,, be a set of genuine (¥, ®, ©) such that

(1) Fo ={9,2,2}.
(2) If (T, ®,0) € Fpt1 then there exists a unique (¥/, ®’,0’) € F,,, such that
either
(a) (U, ®,0) is a decomposition component of (¥, &', ©") or
(b) (¥, ®,0) is a restriction of (¥, ', ©’)
but not both (a) and (b).
(3) If (v, 9,0) € F,, and (¥, P, 0) is not terminal then either
(a) (¥, ®,0) has exactly one pair of decomposition components in F, 1
or
(b) (¥, ®,0) has exactly one restriction in Fpy41
but not both (a) and (b).

(4) There exists M € Z>q such that F,,, = @ for all m > M.

We say that such F is a classifier.

Lemma 4.2. Let Y € [. Suppose F is a classifier. Let

Om =Fn U{(¥,2,0) € F, : (¥,D,0) is terminal and k < m}.
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Then for each m € Zxq, there exists a unique (¥, ®,0) € O,, such that [Y]|Nly ¢ #

g.

Proof. We do a proof by induction. Let Y € [. Note that Oy = Fy = {(9,9,9)}.
Since I, = [, then clearly (&, @, @) is unique in Oy such that [Y] Ny 5 # @.

Let m € Z>o. Suppose there exists unique (¥, @, 0) € O, such that [Y]Nly ¢ #
&. We have three cases: (¥, ®, 0) is either terminal, restrictable, or decomposable.
First suppose (¥, ®,0) is terminal. Then (¥, ®,0) € O,11 and Y] Ny o #
@. Suppose instead that (¥, ®,0) is decomposable. Then by the Decomposition
Lemma, there exists (¥, @', 0') € O,,+1 a decomposition component of (¥, P, 0)
such that [Y] N (g ¢ # @. Finally suppose that (U, ®,0) is restrictable. Then
there exists (¥, ®,0’) € O,,41 such that © 2 © and [Y]Nly ¢ # &. Thus for each
Y €[, there exists (¥, ®,0) € O,,41 such that Y] NIy o # 2.

Next we prove uniqueness. Let Y € [ Suppose (U1, P1,01), (Vy, P3,0,) €
Op41 such that [Y] Ny, ¢, # @ and [Y]Nly, e, # . Since F is a classifier then
there exists (¥}, @}, 0)), (¥4, P4, 04) € Oy, such that (U], ®],0]) < (¥, Pq,0;)
and (U3, ®5,05) < (W, ®2,07). Since ly, s, C ly; ¢ and ly, s, C ly; oy, then
YNy o # 2 and [Y]Nlyy e, # 9. Thus since (¥, @7, 07), (¥, $5,03) € O,
then by our induction hypothesis (U], ), 0]) = (¥4, &5, 65).

Since F is a classifier and (¥1,P1,0;) = (¥),P1,0]) and (Vq, Py, 05) =<
(P, ®1,0%) then (U1, P1,01) and (¥o, Po, ©2) are decomposition components of
(¥}, ®},01). Thus by the Decomposition Lemma, either [Y] N ly, o, = @ or
Y] N ly, », = @, which is a contradiction. Hence (¥,®,0) € O,,+1 such that

YNy e # @ is unique.
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Therefore, by induction, for all m € Z>, there exists unique (¥, ®,0) € Oy,

such that [Y] NIy o # 2. O

Theorem 4.3 (Decomposition Theorem). Let F be a classifier. Let T = {(¥,®,0) €
Fi 1 k € Z>o,(V,P,0) is terminaly. Let B(V,9,0) = {Yp : Y € lya}. Let
B = U B(U,®,0). Then there is a one-to-one correspondence between B
(9,92,0)eT
and the set of coadjoint orbits of G.
Proof. Let Y € |. Let m € Z>¢ such that O,, = 7. Then by Lemma there
exists unique (¥, ®,0) € T such that [Y]Nlye # @. Let ¥7,Y5 € [Y]Nly,o. Then
since (¥, ®, ©) is terminal, there exists (Y1)g, (Y2)5 € lv.¢ such that Ad*(g)Y: =
(Y1)p for all g € X}'g o and Ad*(g)Yz = (Y2)p for all g € X}? . Note that
[(Y1)B] = [Y1] = [Y] = [Y2] = [(Y2)B]. Therefore there exists g € G such that
Ad*(¢)(Y1)s = (Y2)p. Note that g € .’{EI,Y},)% Note also that I € }ﬁg{g% for I
the identity matrix. Hence (Y1)p, (Ya)p € {Ad*(9)(Y1)B : g € XEI,Y;)%} Since
(P, ®,0) is terminal, this set is of size one, so (Y1)p = (Y2)p. Thus for each orbit
[Y], there is unique Yp € B such that [Y] = [Yp]. Thus we have a well-defined map
7 from the set of coadjoint orbits of G to B where 7([Y]) = Y5.

Suppose Y7,Ys € [ such that n([Y1]) = Yp and n([Y2]) = Y. Thus [Yi] =
[Yg] = [Ya]. Therefore 7 is one-to-one. Let Yz € B. Then there exists terminal
(¥,®,0) € F such that for some Y € ly s, Ad*(9)Y = Yp for all g € XY, 4 o/
Note that Y € [Y] Ny ¢ and thus 7([Y]) = Yp. Therefore 7 is onto. Hence 7 is a

one-to-one correspondence between B and the set of coadjoint orbits of G. O

5. 4 x 4 EXAMPLE

Consider the case where n = 4. Let [ = [, and G = Gy.
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Let
0 0 0 0
You 0 0 0
Y = el
Yg,l Y372 0 0
Yii Yio Yi3 0O
and
1 12 913 914
0 1 923 924
g = ed.
0 0 1 93,4
0 0 0 1
Then
0 0 0 0
. a 0 0 0
9) Ad*(g)Y =
Y31 —93.4Y41 b 00
Yy Yio+Y41012 ¢ O
where

a=Yo1—923Y31 —g24Yy1+ 923934Y41,
b=Y32+Y31912 —934Y4,2 — 93,4Y4,191,2,
c=Yy3+Y1913+ Yi2923.
Note that for all g € G, (Ad"(9)Y )41 = Ya1. Thus h € F[l] where h(Y) = Yy,
is normal with respect to (&, @, @) because for f € F[[] where f(Y) = Y41 we have
f(Ad™(g)Y) = h(Y) =Yy for all (g,Y) € G x| = X5 5,5. Observe that in this

case f = h, although this is not true in general. Note that there exist Y7,Y5 € [

such that (Y1)41 # 0 and (Y2)4,1 = 0 which implies that h(Y7) # 0 and h(Y>) = 0.
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(2,9,9)

(({haa}2.9)] (2,041}, 2)]

FIGURE 4.

Let Y7,Y> € [, such that h(Y7) # 0 and h(Y2) = 0 then (¥7)4,1 # 0 and (¥2)4,1 = 0.
Thus (Ad*(¢)Y1)41 # 0 and (Ad"(¢g)Y2)41 = 0 for all g € G. Hence [Y1]N[Y2] = 2.
Therefore h is orbital with respect to (&, @, @). Thus {({h}, 2, D), (&, {h}, @)} is
a decomposition of (&, @, @). Denote h by hs1. We depict this decomposition in

the rooted tree in Figure

Next we consider the triple ({h41},@,d). First we check if ({ha1},2,9) is
terminal, and if not we seek to find a restriction of ({h41},d,d). Recall that a
triple (¥, ®,0) is terminal if for all Y € [y o, {Ad"(9)Y : g € X} 4 o} is of size 1.
Note that for Y € [y o, %fh}’&@ = (. Thus there exists g1,92 € %?h})@)g such
that (g91)1,2 # 0 and (g2)1,2 = 0. Hence Y € 13} &, (Ad*(g1)Y )a2 =Yao+Ya 1012
but (Ad*(¢92)Y )42 = Yi2. Since (Ad"(91)Y)a2 # (Ad*(g2)Y)s,2 in general, then

{Ad*(g9)Y : g € %fm } has size of at least 2. Therefore ({h4:1}, @, @) is not

1},9,9
terminal.

Since ({h4,1}, @, @) is not terminal, now we look for a restriction. Note that for

all Y € [y, 1},9, for g € G such that

Yy

10 =22
(10) 91,2 Yia

by (9) we have (Ad*(g)Y)s2 = 0. Observe that we know ;41? is defined since

Y € Upypys 80 haa(Y) = Ya1 # 0. Thus ({ha1},9,{(4,2)}) is genuine, since
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(2,9,9)

(({haa}2.9)]  [(2,{h1},2)]

({h471}7 g, 6)

FIGURE 5.

lhoay,o # 9 and for all Y € Iy, 1} o we have g € :{?h4,1},z,{(4,2)} where g12 =

;41? Therefore ({ha1},@,{(4,2)}) is a restriction of ({h41},2,2). In addition,

note that for Y € ly;,, |}, and g € G, by @,

—Yi3-Y,
(11) 91,3 = 473},—47292’3 — (Ad"(9)Y)s3 =0,
4,1
Y31 .
(12) g34 = % — (Ad (Q)Y)g,l = O,
11
and
Yo — Y- Y,
(13)  goa= RS TBIBIL s (Ad(9)Y a1 = 0,

Yiq
Let © = {(4,2),(4,3),(3,1),(2,1)}. Then I}, 1.6 # @, and for all Y € Iy, 1.0
we have g € :{?}74,1},@’@. Therefore ({h4,1}, 9, ) is genuine, and thus a restriction
of ({han}, @, ). Hence we will add ({h4,1}, 2, ©) to our tree at depth 2, giving us

the tree in Figure

Continuing down this branch of the tree, we determine if ({41}, @, ©) is termi-
nal, and otherwise if there exists a decomposition of ({h41}, @, ©). If there exists
a further restriction, we would group this restriction together with the previous re-

striction so that at each step we specify as many zero entries in Ad*(g)Y" as possible.
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When we substitute the expressions for g1,2, 91,3, 93,4 and g2 4 in (10),(L1),(L2),(L3)

we find that for (g,Y) € X5, ,}.0,0 We have

0 0 0 0
0 0 0 0
Ad*(g)Y =
0 Y4,1Y3,§/4—z’3,1y4,2 0 0
Yiu 0 0 0

Thus for all Y € Iy, ,},0, the set {Ad"(9)Y : g € x%’h&l}’g’@} is of size 1, with
Ad*(g)Y given by the equation above. Hence ({h41},d,©) is terminal.
Now we consider the (&, {h4 1}, @) node of our tree. Note that for (g,Y) €

Xg {hy1},0 We have hy1(Y) =Ys1 = 0. When we substitute Y31 = 0 into @ we

find that
(14)
0 0 0 0
Y21 —923Y31 0 0 0
Ad*(g)Y =
Y31 Y32+ Y31912 — g3.4Ys2 0 0
0 Yio Yi3+Yi2923 0

Y

Note that for Y € lg (n, 3, %g’{,u e = G. Thus there exists g1, g2 € %g,{m 1o

such that (g1)23 # 0 and (g2)2,;3 = 0. Hence for Y € Iy (4, 13, (Ad"(g1)Y)a3 =
Yis + Yiog23 but (Ad*(¢92)Y)ss = Yas. Since (Ad"(g1)Y)a2 # (Ad*(92)a2)
in general, then {Ad"(9)Y : g € %g’{hm}’g} has size of at least 2. Therefore
(@,{ha1}, @) is not terminal.

We look for a restriction of (@, {ha,1},@). Note that for Y € [y (5, 3, in order to
choose g € G such that (Ad*(¢)Y):,s = 0 for some (¢, s) € M, we must require that

either Yy 2 # 0 or Y31 # 0. Thus without further constraining our space lg (5, ,},
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(2,9,9)

(({han}2.9)] (2,041}, 9)]

(({h41},2,0) | [ ({haa} {111}, 9) | | (@, {han has} 2)]

FIGURE 6.

we cannot find a restriction of (&, {h41}, ). Hence we find a decomposition of
(&, {ha,1}, @), which will further constrain lg (5, .

Note that for all (9,Y) € Xg (n,,},0, (Ad™(9)Y)a2 = Ya2. Thus hyo € F[l]
where hy2(Y) = Yy is normal with respect to (&,{h41},@) because for f €
F[1] where f(Y) = Yi2 we have f(Ad*(9)Y) = Ya2 = hao(Y) for all (¢,Y) €
Xg {hy1},o- Note that for Y1,Ys € lg (5, 3 if ha2(Y1) # 0 and hy2(Y2) = 0 then
(Y1)a,2 # 0and (Y3)42 = 0. Hence by , (Ad*(g1)Y1)a,2 # 0 and (Ad™(g2)Y2)a2 =
0 for all g1, g2 € G. Thus [Y1]N[Y>] = &. Note also that there exists Y1, Y2 € g ¢, ,}
such that (Y1)s2 # 0 and (Y2)s2 = 0 which implies that hg2(Y7) # 0 and
ha2(Y2) = 0. Therefore hgo is orbital with respect to (&,{hs1},@). Hence
{({ha2},{Pa1},9),(D,{ha1,ha2},@)} is a decomposition of (&, {h4 1}, ). When

we add these triples to the tree we get Figure [6]

Now consider the triple ({h42},{h41},9@). For (¢9,Y) € X{hso}{har}.o W
have Ad*(g)Y given by (I4). Note that for some Y € g, ) (n,,} there exists

g1,92 € %?h“}’{h“}’g such that (g1)2,3 # (g2)2,3 and as a result (Ad*(g1)Y)a3 #
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(2,9,9)

(({haa}2.9)]  [(2,{h1},2)]

(({141},2,0) | [ ({haa},{h11}, @) | | (@, {han has} 2)]

| ({haz} {haa}{(4,3),3,2)})|

FIGURE 7.

(Ad*(¢2)Y)a3. Hence ({haz2},{hs1},9) is not terminal. Next we look for a re-
striction of ({h42},{h41}, D). Note that for (9,Y) € X(pn, .} {he1}.2

)¢ X
92,3 = *# = (Ad"(g)Y)s3=0
4,2

)

and

Y30+Y31012

93,4 = v = (Ad"(9)Y )32 =0.
4,2

Since Y € l{p, ,),(h,,} then Yy # 0, so these expressions are defined. Thus
for each Y € lgp, 53 (n,,} there exists g € x?h4,2}7{h4,1}a{(473),(3,2)}' Since we also
know lgp, .}, {he,} 7 @, then this means ({ha2}, {ha1},{(4,3),(3,2)}) is genuine.
Therefore ({hqz2}, {ha1},{(4,3),(3,2)}) is a restriction of ({h42},{h41}, ). Thus

we add ({ha2}, {ha1},{(4,3),(3,2)}) to our tree to get Figure

Now we consider the node ({hao},{ha1},{(4,3),(3,2)}). By substituting the

expressions found for go 3 and g3 4 above into (14) we can find an equation for
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Ad* (g)Y for all (g,Y) S x{h4,2},{h4,1},{(473),(3,2)}' When we do this we find

0 0 00
Yo+ 21 g 0 0
(15) Ad*(g)Y =
Y3 0 0 0
0 Yiz 0 0

Thus for all Y € Iy, .} (hy.}, We have {Ad"(g)Y : g € x?hzx,z},{hz;,l},{(473),(3,2)}} is
of size 1 with Ad*(g)Y given by (15]). Therefore ({ha2},{ha1},{(4,3),(3,2)}) is
terminal.

Next we consider the node (&, {hq,1,h42}, ). Note that for Y € lg | hy01s
Yi1 = Ya2 = 0. Upon substituting Y, o = 0 into we find that for (g,Y) €

X(haot {hsn}. 2

0 0 0 0
. Yo1—923Y31 0 0 0
(16) Ad*(g)Y =
Y31 Ys0+Y31012 0 O
0 0 Yiz 0

Y

@ {ha1,ha 2}, such

Note that for some Y € lg (4, n,.} there exists gi,g0 € X
that (g1)12 # (92)12 and as a result (Ad*(¢1)Y)s2 # (Ad*(g2)Y)s2. Hence
(&, {ha,1,ha2}, D) is not terminal.

Since (&,{h41,hs2},9) is a decomposition of (&, {hy,1},d), next we look for
a restriction of (&, {ha 1,h42},d). We can see from that to make any more
entries of (Ad*(¢)Y) equal to 0 we must have Y31 # 0. Since we do not know this
in general for Y € Iy (4, | h, .}, We cannot find a restriction of (&, {h4 1, ha2}, D).

Thus we look for another decomposition. Note that for all (¢g,Y") € %g,{h%hhu}’g,

(Ad*(9)Y)s,1 = Y31. Thus hg1 € FJl] such that h31(Y) = Y31 is normal with
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(2,9,9)

(({haa}2.2)]  [(2,{h1},2)]

(({144},2,0) | |({ha} {111}, 9) | | (@, {han has} 2)]

[({hae} (haa}, {43). 32D | [ ({haa)s (haa bz}, @) | [(9,{hans has hsa ) ) |

FIGURE 8.

respect to (&,{ha1,hs2},d) since for f € F[l] such that f(Y) = Y31 we have
f(Ad™(g)Y) = Y31 = h31(Y). Note that there exists Y1,Y5 € lg p, , h, .} such that
hs1(Y1) # 0 and hs1(Y2) = 0. For such Y7, Ys we have that (Ad*(¢g)¥1)s1 # 0 and
(Ad*(g)Y2)3,1 =0 for all g € G. Thus [Y1]N[Y3] = @. Therefore hj ; is orbital with
respect to (&,{ha1,ha2}, D), so {({hs,1},{ha1,ha2}, D), (D, {ha1, ka2, hs1},D)}
is a decomposition of (&,{h41,hs2},). When we add this to our tree we get

Figure 8]

Next we will consider the triple ({hs1},{ha1,h12},2). Note that Ad*(¢9)Y for

(9,Y) € X is given by (16). Observe that for Y € Iy o, if we have g € %}Ij’q)’@ such

that g3 = 322 and g1, = —122 then (Ad"(g)Y)21 = (Ad*(g)Y)s2 = 0. Thus for

Y€ Uy i} {hahas}s x?{/hg,l},{hzl,l,h4,2},{(2,1),(3,2)} 7 . Since Un,y 1} {hyhan} 7 D5
then ({hs1}, {ha1,ha2},{(2,1),(3,2)})is genuine. Thus ({hs 1}, {ha1,ha2},{(2,1),(3,2)})
is a restriction of ({hg,1},{h4,1,ha2},2). We depict this restriction in the rooted

tree in Figure [0
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(2,9,9)

(({haa}2.2)]  [(2,{h1},2)]

(({144},2,0) | |({ha} {111}, 9) | | (@, {han has} 2)]

[({hag} (haa}, {43). 32D | [ ({haa)s fhaa bz} @) | |9, {hans hashsa ) ) |

(s} {haa bz} {(2:1),(3,2)))]

FIGURE 9.

Consider the node ({hs1},{ha1,ha2},{(2,1),(3,2)}). Note that for (¢,Y) €
X{hs1 ) {hashas}{(2,1),(3,2)) We can find an equation for Ad*(g)Y for by substituting

the expressions for gs 3 and g; 2 found above into . This gives us that

Ys; 0 0 0

0 0 Yis 0

This demonstrates that for all Y € Iy, 1) (hy 1 ko) {Ad"(g)Y : g € .'f?hs,l}}{h“7h412}7{(2)1),(372)}}

is of size 1. Therefore ({31}, {ha1,ha2},{(2,1),(3,2)}) is terminal.
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Finally, consider (@,{h471,h472,h3,1},®). When we substitute Y3 ; = Yo =

Y31 = 0 we find that for (¢g,Y) € Xo (har,hashsa}, 2

Ad*(g)Y =

0 0 Yis 0

Thus we can see that (&, {h41, 42,31}, D) is terminal. Therefore all branches in

our rooted tree end in a terminal node, so our classification is complete.
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